PRICING AND CALIBRATION IN MARKET MODELS

FRANK GEHMLICH, ZORANA GRBAC, AND THORSTEN SCHMIDT

ABSTRACT. The goal of this article is to study in detail the pricing and calibration in mar-
ket models for credit portfolios. Starting from the framework of market models driven by
time-inhomogeneous Lévy processes in a top-down approach proposed in Eberlein, Grbac, and
Schmidt (2012) we consider a slightly simplified setup which eases calibration. This leads to a
new class of affine models which are highly tractable. Conditions for absence of arbitrage under
various types of contagion are given and valuation formulas for single tranche CDOs and options
on CDO spreads are obtained. A simple two-factor affine diffusion model is calibrated to iTraxx
data using the EM-algorithm together with an extended Kalman filter. The model shows a very
good fit to all tranches and all maturities over the full observation period of four years.

1. INTRODUCTION

A credit portfolio consists of a number of different credit names (obligors). Modeling of credit
portfolio risk is a challenging task which relies on the adequate quantification of the two main
sources of risk. The first one is market risk, which is the risk stemming from the changes in
interest rates and changes in the credit quality of the single credit names in the portfolio. The
second one is correlation risk (also known as default correlation) among these credit names. A
good model for credit portfolio risk should incorporate both sources of risk.

The main purpose of credit portfolio risk modeling is valuation and hedging of various contin-
gent claims on a portfolio. In general, securities whose value and payments depend on a portfolio
of underlying assets are termed asset-backed securities. For an overview and detailed descrip-
tions of different types of asset-backed securities we refer to Chapter 1 and Section 5.1 of this
book. Credit portfolio risk tranching is discussed in Chapter 3.

In the literature two main approaches can be found for credit portfolio models: the bottom-up
approach, where the default intensities of each credit name in the portfolio are modeled, and
the top-down approach, where the modeling object is the aggregate loss process of the portfolio.
Both approaches have been studied in numerous recent papers; we refer to Lipton and Rennie
(2011) and Bielecki, Crépey, and Jeanblanc (2010) for a detailed overview. Since in this article
we focus on the top-down approach, we mention some of the recent papers where this approach is
studied: Schénbucher (2005), Sidenius, Piterbarg, and Andersen (2008), Ehlers and Schonbucher
(2006, 2009), Arnsdorf and Halperin (2008), Longstaff and Rajan (2008), Errais, Giesecke, and
Goldberg (2010), Filipovi¢, Overbeck, and Schmidt (2011) and Cont and Minca (2012).

In this article we develop a dynamic market model in the top-down setting, similar in spirit
to Eberlein, Grbac, and Schmidt (2012). As discussed in that paper, the market model frame-
work has a number of advantages in comparison to the HJM approaches for credit portfolio
modeling. Similarly to Filipovi¢, Overbeck, and Schmidt (2011) we utilize (7', z)-bonds to build
an arbitrage-free model. However, we consider only a set of finitely many maturities which are
indeed traded in the market. Considering instead a continuum of maturities as in the HJM ap-
proaches puts unnecessary restrictions to the model. In particular, this is reflected in the drift
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condition which must be satisfied for all maturities. Taking into account only the traded ma-
turities, one gains an additional degree of freedom in the specification of arbitrage-free models.
For example, this allows various additional types of contagion as shown in Eberlein, Grbac, and
Schmidt (2012). As a consequence, a tractable affine specification of our model which includes
contagion can be obtained. It is needless to say that contagion effects are of particular importance
in the current crises and a tractable model with contagion is practically highly relevant.

As driving processes for the dynamics of (T}, x)-forward prices, a wide class of time-inhomoge-
neous Lévy processes is used. This processes allow for jumps in the forward price dynamics
which are not driven by the default dates of the credit names in the portfolio. As pointed out in
Cont and Kan (2011), jumps in credit securities can also be triggered by macroeconomic events
external to the portfolio. The general specification proposed here allows for both, internal and
external, kinds of jumps.

Finally, the practical relevance of the model is illustrated by its ability to provide a good fit
to the market data. We use the iTraxx data from August 2006 to August 2010 and calibrate
the model to the full dataset of four years. This goes beyond the usual calibration practice,
where the models are calibrated to data from one day (cf. Cont, Deguest, and Kan (2010) for
an overview and excellent empirical comparison). The calibration is done by applying an EM-
algorithm together with an extended Kalman filter to a two-factor affine diffusion specification
of our model, as proposed in Eksi and Filipovié¢ (2012). Already this simple specification provides
a very good performance across different tranches and maturities.

The paper is organized as follows. In Section 2 we introduce the basic building blocks for credit
portfolio market models. In Section 3 the model for th dynamics of the forward (T}, z)-prices is
presented and conditions for the absence of arbitrage are derived. Section 4 is a tractable affine
specification of the model. In Section 5 we present valuation formulas for single tranche CDOs
and call options on STCDOs. Section 6 is dedicated to the calibration of a two-factor affine
diffusion market model to data from the iTraxx series.

2. BASIC NOTIONS

Consider a fixed time horizon 7% > 0 and a complete stochastic basis (2, G, G, Qp~), where
G = Gr-. G = (Gt)o<t<r~ satisfies the usual conditions. The filtration G represents the full
market filtration and all price and interest rate processes in the sequel are adapted to it. We set
Q* := Qp+ and denote the expectation with respect to Q* by E*.

Following the market model approach we consider a tenor structure containing finitely many
maturities, denoted by 0 =Ty <11 < ... < T, =T"*. Set o :=Tpy1 — T}, for k=0,...,n — 1.

The studied credit risky market consists of a pool of credit risky assets. As laid out in the
introduction, we follow the top-down approach and directly study the aggregated losses. In this
regard, denote by L = (L;);>0 the non-decreasing aggregate loss process. Assume that the total
volume is normalized to 1 and denote by Z := [0, 1] the set of loss fractions such that L takes
values in Z. We assume

(A1) Ly = > ., AL, is an Z-valued, non-decreasing marked point process, which admits an
absolutely continuous compensator

vi(dt, dy) = FE(dy)dt.

As shown in Filipovié¢, Overbeck, and Schmidt (2011, Lemma 3.1), under (A1), the indicator
process (1yr,<y})i>0 is cadlag with intensity process

At,x) = FE((x — Ly, 1] N T).
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In particular, this yields that the process M? given by
t
M =1(,<0) + / Lz, <eyA(s, z)ds (1)
0
is a martingale.
The basic instruments are the (T, z)-bonds introduced in Filipovié¢, Overbeck, and Schmidt

(2011). They are simple securities and prices for more complex products such as CDOs can be
derived from them in a model-free way, see Proposition 5.1.

Definition 2.1. A security which pays 1¢ Ly, <o} at maturity Ty is called (T}, z)-bond. Its price
at time t < T} is denoted by P(t,T),x).

If the market is free of arbitrage, P(t, T}, z) is nondecreasing in = and

where P(t,T}) denotes a time-t price of a default-free zero coupon bond with maturity 7.
Moreover, if L already crossed the level z, the (T}, z)-bond price is zero, i.e. on the set {L; > x}
it holds that P(t,Ty,x) = 0.

In Filipovié¢, Overbeck, and Schmidt (2011) a forward rate model for (7', x)-bonds has been
analyzed under the assumption that (7, x)-bonds are traded for all maturities T € [0, 7]. This
assumption imposes unnecessary restrictions to the model, since in practice the set of traded
maturities is only finite. The market model approach takes this fact into account, see Eberlein,
Grbac, and Schmidt (2012) for a detailed discussion. Here, we follow the framework introduced
in this paper with slight modifications. The main ingredients in market models are the (Tk, z)-
forward bond prices defined below.

Definition 2.2. The (7}, x)-forward price is given by

P(t, Ty, )
F(t, Ty, ) = — k) 3
for 0 <t <Ty.

The (T}, x)-forward prices actually give the distribution of Ly, under the Qr, -forward measure
defined later in (8). More precisely, if we take P(-,T}) as a numeraire we obtain

1
QTk (LTk < ‘T|gt) = P(t Tkz) P(t7T/€)EQTk (l{LTkSw}|gt)
_ P(t7Tk,x) _
= 7P(t,Tk) = F(t, T, x).

3. THE MODEL

3.1. Modeling assumptions. Let X be an R%valued Lévy process on the given stochastic
basis (2,G, G, Qr+) with Xy = 0 and Lévy-Itd6 decomposition

¢
Xy =W+ //:U(,u —v)(dzx,ds), (4)
0 Rd
where W is a d-dimensional Wiener process with respect to Q*, u is the random measure of jumps
of X with its Q*-compensator v(dz,dt) = F;(dz)dt. Note that the canonical representation (4)
is justified if X has a finite first moment. This is guaranteed by the following assumption which

implies the existence of exponential moments of X, compare Eberlein and Kluge (2006, Lemma
6).
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(A2) There are constants C, € > 0 such that for every u € [—(1 +¢)C, (1 +¢)C]¢

sup (/exp(u,m>Ft(dy)><oo.
0<t<T*
|z|>1

The main ingredient of the approach studied here is the dynamics of the (T}, z)-forward prices.
We assume throughout that

F(ta Tk,ﬂj‘) = l{LtS$}G(t7TI€7$)7 (5)

where

G(ta Tkvaj) = G(Okavx) exXp <

o\“

¢
a(s, Ty, ds+/bsTk,
0

+/t/C(s,Tk,w;y)uL(ds,dy))- (6)
0

z

Remark 3.1. Specifying the dynamics of G in this way, we allow for two kinds of jumps: the
jumps caused by market forces, represented by the Lévy process X, and the jumps caused by
defaults in the portfolio, represented through the aggregate loss process L. The latter allows
for direct contagion effects; when ALy # 0, Assumption (A5) below gives that AG(¢, Tk, z) =
c(t, Ty, x; ALy).

Remark 3.2. This approach is similar in spirit to Eberlein, Grbac, and Schmidt (2012). How-
ever, note that in that paper the forward spreads are modeled, whereas here we decide to model
directly the (T}, z)-forward prices which simplifies calibration of the model. As we shall see later
on, the market model framework allows a very general specification for the dynamics of the loss
process. We will study an affine special case which includes contagion and provides a highly
tractable framework. This is a major advantage of the market approach in contrast to the HJM
framework, where the risky short rate is directly connected to the intensity of the loss process.
For a detailed discussion of this issue we refer to Eberlein, Grbac, and Schmidt (2012, Section
1 and Remark 5.3).

Additionally, we make the following assumptions.

(A3) For all Ty, there is an R-valued function c(s, Ty, x; y), which is called the contagion param-
eter and which as a function of (s,z,y) — c(s, Ty, z;y) is P ® B(Z) ® B(Z)-measurable.
We also assume

sup lc(s, Thy 5 9)| < 00
s<Ty,x,yeL,we

and c(s, Ty, x;y) = 0 for s > Ty,

(A4) For all T} there is an Ri—valued function b(s, Tk, z), which as a function of (s,z) —
b(s, Tk, ) is P ® B(Z)-measurable. Moreover,

sSup b(S, Ty, .’L') < Ca
s<Ty,xeLweN

where C' > 0 is some constant. If s > T}, then b(s, Ty, x) = 0.
(A5) [L,X]; =0 for all ¢t > 0.

The drift term a(-, Ty, ), for every T}, is an R-valued, O ® B(Z)-measurable process such that
a(s,Ty,x) = 0, for s > T}, that will be specified later.
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The technical assumptions (A3) and (A4) ensure measurability of the subsequent operations.
Assumption (A5) states that jumps in L influence F' only through ¢ and not via a direct
dependence of L and X, which is natural from a modeling point of view.

3.2. Absence of arbitrage. It is well known that the market of (T}, z)-bonds is free of arbi-
trage, if for each k,i = 2,...,n the process
(P(t,Tk,a:)) (7)
P(t,T;) Jo<t<TinTy 4

is a Qr;-local martingale. The forward measure Qr, is defined on (92, Gz, ) by its Radon-Nikodym
derivative with respect to the terminal forward measure Qr, = Q*, i.e.

dQTn G P(OaTk) P(taTn).

We assume that this density has the following expression as stochastic exponential

dQr,
dQr,

) :5t</a(s,Tk)dW5+//(5(5,Tkyy) - 1)(u—V)(dS7dy)>a
A / 0 pa

where a € L(W) and 8 € Goc(pt). Moreover, under Qr, the process
t
Wlhe =W, — /a(s,Tk)ds (9)
0

is a d-dimensional standard Brownian motion and
Tk (ds,dy) := B(s, Tk, y)v(ds,dy) = FSTk (dy)ds, (10)

is the compensator of u. For a proof in the setting studied here, see Theorems I11.3.24,111.5.19,
I11.5.35 in Jacod and Shiryaev (2003).

The compensator of the random measure p” of the jumps in the loss process under Qr, is
denoted by vETk(dt, dz) = F-TF (da)dt.
Set

D(t, Ty, x) := a(t, Ty, ) + % | b(t, Ty, z) || (11)
+ (b(t, Ty, @), a(t, Th))

+ / (eeTemhh 1 (b(t, Ty ), y)B(E T )™ ) F* (dy),
Rd
The following result gives conditions which provide an arbitrage-free specification of the
studied model. More precisely, we obtain necessary and sufficient conditions for (7) to hold,
i.e. conditions for the (T}, z)-forward price process F(-, Ty, z) being a local martingale under the
forward measure Qr,, for £ =2,...,n.

Theorem 3.3. Assume that (A1)—(Ab) are in force and let k € {2,...,n}, © € Z. Then the
process (F(t, Ty, x))o<t<t,_, given by (5) is a Qr,-local martingale if and only if

D(t, Ty, x) = AT (t,x) — / (ec(t’Tk’x;y) - 1)1{Lt_+m}FL’T’“<ta dy) (12)
T

on the set {L; < v}, ' ®@Qr, -a.s. where \! denotes the Lebesgue measure on R and ATk (t,z) :=
FLTe(t (v — Ly, 1] N T).



6 FRANK GEHMLICH, ZORANA GRBAC, AND THORSTEN SCHMIDT

Proof: The proof follows the same lines as the proof of Theorem 5.2 in Eberlein, Grbac, and
Schmidt (2012). Since the specification of the dynamics of the (T}, z)-forward prices is different
in this paper, we include a proof here for the sake of completeness.

Using integration by parts yields

dF(t7 Tk, 33) = G(t*a Ty, x)dl{Lth} + 1{Lt,§z}dG(t, Tk, $) +d [G(v Ty, SU), l{L.Sx}]t
— 1)+ (@) + (3).

For the first summand (1’) note that analogously to (1),
t
MfaTk = 1{Lt§x} +/1{L5<x})\Tkz(S7$)d8 (13)
0

is a Qp,-martingale with A7k (¢, z) := FL:Tk(¢, (z — Ly, 1] N Z). This yields

dlig,<y = dMPT =11,y Ao (t,2)dt
= g, <o (AT = Xt @)t ),

: T, T,
since AM;""* = 1y, <ydM;”"*. Hence,

(1) = Gl o)Lz, <y (A" = X (t, 2)at)

— F(t—,Tp,z) (de’Tk ATk (t,m)dt).
Regarding (2'), we have

1
AG(1Th) = Gt Too) ( (0t Tio) 4 1000 Thos) 2 )

4 / (ec(t,Tkw’C;y) — 1) ML(dt, dy)
A

+ / (e“’(t’TMW —1- <b(t,Tk,a;),§:)) pu(dt, dz)
Rd

+ /(b(t, Tk, ), 2)(p — v)(dt,dz) 4+ b(t, Ty, z)dWy | ,

Rd

where we have used the integration by parts formula, Assumption (A5) and It6’s formula for
semimartingales. Now we use the representation of X under Qp, given via (9) and (10) which
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leads to

dG(t, Ty z) = G(t—, Ty, z) <(a(t,Tk,$) + % | (¢, T @) |17 +(b(t, Th @), (t, 7)) )t

+ b(t, Ty, ), AW,
N / <€c(t,Tk,x;y) — 1) FlTe(ay)at
A
+ / <ec(t,Tk,9E§y) _ 1) (ML — VL’Tk)(dt, dy)
T
n /(e<b(t,Tk,z),£> —1)(p — v™*)(dt, d)
R4
. / (0T D) 1~ (b(t, Ty, ), @) ) 87 (1, Th, 2)F* () | (14)
R4

Finally consider (3"). We have
[G(v T, .Z'), 1{L§x}]t = Z Al{Lsgx}AG(Sv T, .%')

s<t

Since 17, <,} drops from 1 to 0 as L crosses the barrier z,

Al(p, <oy = Y1, <oL,>2) = ~ YL, <ol +AL,>z}
= _/1{Ls<x}1{Ls+y>x}ﬂL({S}7dy)-
T

Using this together with (14) and Assumption (A5) leads to

d [G(-,Tk,l‘), 1{L.§x}]t = —G(t—, Tlmx) / l{Lt7§$}1{Lt7+y>Z‘} (ec(t,Tk,ac;y) - 1) NL(dtv dy),
z
which concludes the proof. O

4. AN AFFINE SPECIFICATION

Up to now, the presented framework was very general. In this section, an affine factor model
is studied in more detail. Affine factor models present a subclass of Markovian factor models
which are used frequently in practice because of their high degree of tractability. The following
section on calibration will show that a simple two-factor affine model shows an excellent fit to
market data.

For simplicity, we study affine diffusion models only, i.e. affine models driven by a Brownian
motion. The extension to Lévy processes as drivers can be done following the path laid out here.
Consider a d-dimensional Brownian motion W and let p and ¢ be the functions from Z to R¢
and R4 satisfying

d d
1
p(z) = po + § 1 i Zi, §U(Z)TU(Z) =1+ g 1 Vi 2
1= i=

for some vectors p; € R and matrices v; € R¥™¥? j = 0,..., d. Note that with o(2) "o (2) also v;,
1 =0,...,d are symmetric matrices. We assume that for all z € Z, Z = Z7 is the continuous,
unique strong solution of

dZy = u(Zy)dt + o(Zy) " dWy, Zog=z€ Z.
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We specify G in the following variant of an affine specification. Let

t

G(t, Ty, x) = exp <A(t,Tk,x) + B(t,Tk,a:)TZt +//C(S,Tk,ZE,LS_;y)ML(dS,dy) (15)
0 7

t
+ /d(sa T, z, Ls)d5>y
0

for t < T. Here A, B, ¢ and d are deterministic functions which have to be specified in an
appropriate way to guarantee absence of arbitrage. Note that while G has an (exponential)-
affine dependence on Z its dependence on the loss process via the function ¢ is much more
general. It is this extension of the affine framework which allows to introduce contagion in an
arbitrage-free model as we will show in the sequel.

Finally, we assume that the compensator of the loss process has the following affine structure:
assume that F¥(dy) = m(t, Ly_, Z, dy) where

d
m(t, 1, z,dy) := mo(t,l,dy) + Zmi(t, l,dy)z;. (16)
=1

We assume that m(¢, 1, z, dy) is a Borel-measure, in particular m(-, A) > 0. This gives a restriction
on m; depending on the state space: consider, for example, the state space Z = R4 x (Rzo)dQ.
This implies that m; = --- = mg, = 0, as otherwise m would attain negative values. We assume
that m;(t,1,2,Z) < 0o, i = 1,...,d (finite activity).

All appearing functions are assumed to be cadlag in each variable. Furthermore we assume a
flat interest rate structure, i.e. P(t,T}) = 1 for all 0 <t < Ty, so that the Qg -forward measures
coincide. This can be extended in a straightforward manner to the setup where risk-free bond
prices are independent of X and L, as we only use that the semimartingale characteristics of
the driving processes coincide under all forward measures.

Proposition 4.1. Assume G is given by (15). Moreover, assume that

di(ta Ty, x, l) = mi(ta le) - /€C(t’Tk’$’l;y)1{y§z+l}mi(ta L, dy)a (17)
A

i=0,...,d. If A and B satisfy the following system of differential equations

1

— 04 A(t, Ty, ) = B(t, Ty, ) " po + §B(t,Tk,x)TV0B(t,Tk,x) (18)
1

—~OB(t, Ty, x); = B(t, Th, ) "y + §B(t,Tk,x)TujB(t,Tk,x) (19)

then the model given by (5) is free of arbitrage.

Proof: In order to verify absence of arbitrage we analyze the drift condition (12). As in the proof
of Theorem 3.3 we obtain the dynamics of the forward rates

dF(t, Ty, z) _ (

—_ C(tiTka:Lt—;y) — L
o A(t,z) + D(t, Ty, z) +/ (e 1) F, (dy)> at

T

_ / (ec(t,Tk,x,Lt—;y) _ 1) 11, +yo0y FE(dy)dt + AN,
z
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where D(t, Ty, z) is given by
D(ta Tk7 .’L‘) = 8tA(t> Tk) Z‘) + atB(ta Tk7 x)Zt

1
+{(B(t, T, ), n(Z0)) + 5 | B(t, T, 2)a(Zy) ||* +d(t, T, 2, L)

and M is a local martingale. In order to obtain absence of arbitrage, forward price processes
need to be local martingales and hence the drift term needs to vanish. Note that

/\(t,x) . / (ec(t,Tk,x,Lt—w) — 1) 1{y§z+Lt_}FtL(dy)

A
d
= A(t,0) — Z(Zt)z' / BT b= o, ymi(t, Le, dy)
=0 T
d
- _ Z(Zt)i / eclbliva b=y p v — 1| my(t, Ly, dy) (20)
=0 T

where we used (Z;)o = 1 to simplify the notation. In the following we consider the drift for all
possible values Ly =1 € 7 and Z; = z € Z. Observe that (20) at values Ly~ = [ and Z; = z
reads

d d

— Zzi /ec(t’Tk’x’l;y)1{y<x+l}mi(t,l,dy) — mz-(t,l,I) = Zzidi(t,Tk,x,l)

i=0 7 i=0
and the equality is implied by the assumption (17). On the other hand, the remaining terms of
D(t, T, z), considered at values L;— =1 and Z; = z are given by

d
8tA(t7 Tk‘a 33') + 8tB(t7 Tk’7 x)TZ + Z B(t> Tka 'r)T/LZZ'L
1=0
d
1 T
+ B 2iB(t, Ty, x) v;B(t, T}, x).
=0

Observe that this term is zero if the following two equations are satisfied:

1
—04A(t, Ty, ©) = B(t, Ty, ) " po + §B(t,Tk,x)TV0B(t,Tk, )

1
—8B(t, Ty, )i = B(t, Tjy, ) " i + 5B(t,Tk, z) v B(t, Ty, ),

and hence, the drift term in the dynamics of the forward price vanishes. O

It is important to note that, in spirit of the market model approach, we do not have to satisfy
boundary conditions for the Riccati equations. Of course one typically would nevertheless choose
B(Ty, Ty, x); = A(Ty, T, x) = 0.

If the dependence on the loss process is such that d; does no longer depend on [, then we
may study the following, simpler model. This is in particular suitable for the calibration exercise
where no default appears in the data. With no observed default it would be unreasonable to
extrapolate a specific functional dependence on the losses, such that it seems reasonable to work
in this simplified setup.

Corollary 4.2. Assume G is given by (15). Moreover, assume that

di(t, Tk, 1‘) = /ec(t,Tk,x;y) 1{y§x+l}mi(t, l, dy) — mi(t, l,I),
T
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i=0,...,d. If A and B satisfy the following system of differential equations

—0,A(t, Ty, ) = B(t, Ty, ) " o + B(t T, ) "voB(t, Ty, )

+ do(t, Ty, ),

~B(t, Ty, x); = B(t, Ty, x) " j1j + 1B(t Ty, ) "v;B(t, T, )
+d

i(tkaa )7
then the model given by (5) is free of arbitrage.

5. PRICING

The aim of this section is to discuss the pricing of credit portfolio derivatives in the market
model framework. A single tranche CDO (STCDO) is a typical example of such a derivative and
it is a standard market instrument for investment in a pool of credits. For a detailed overview
on credit portfolio risk tranching we refer to Chapter 3 of this book.

We consider here a STCDO which is specified as follows: 0 < T} < --- < ---T,, denotes
a collection of future payment dates and x; < x3 in [0, 1] are a so-called lower and upper
detachment points. The fixed spread is denoted by S. An investor in the STCDO receives
premium payments in exchange for payments at defaults: the premium leg consists of a series of
payments equal to

Sl(w2 = Lzy,)" = (21 — Lpy,) "] =: Sf (L), (21)
received at T, k= 1,...,m — 1. The function f is defined by
2
f@)i= (a2 = 2)" — (o1~ 0)" = [ 1y, (22)
1
The default leg consists of a series of payments at tenor dates Ty1q, K =1,...,m — 1, given by
f(LTk) - f(LTk+1)' (23)

This payment is non-zero only if AL; # 0 for some ¢ € (Tj,Ti+1]. In the literature alterna-
tive payment schemes can be found as well (see Filipovié, Overbeck, and Schmidt (2011), for
example). Note that

2 z2

(23) = / [1{LTkgy} —1{LT,€+1§y}}dy= / YL, <y,Lay, >y} Y-

1 xr1

Similarly to Eberlein, Grbac, and Schmidt (2012, Section 8.1), it is convenient to replace the
forward measures Q7, by so-called (T}, z)-forward measures. In order to do so, we assume
henceforth that the processes (F(t,Tk,x))o<t<t,_,, are true Qr -martingales for every k =
2,...,n and = € Z. Moreover, (F(t,T1,z))o<t<T, is a true Qr,-martingale. For x € [0,1] and
k e {1,...,m—1}, the (T}, x)-forward measure Qr, , on (2,Gr,) is defined by its Radon-

Nikodym derivative
dQTk,m F(Tk_l,Tk7$) o F(Tk_l,Tk,ﬂf)

dQr, = Eqp [F(Th-1,Th,2)]  F(0,T),x)

and the corresponding density process is given by

dQTk,l‘ _ F(taTka)
dQTk G, F(O,Tk,x)'

Note that Qr, , is not equivalent to Qr, if Qr, (L7,_, > =) > 0, but it is absolutely continuous
with respect to Qr,. Similar measure changes — yielding so-called defaultable forward measures
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— have been introduced and applied in the pricing of credit derivatives in Schénbucher (2000)
and Eberlein, Kluge, and Schénbucher (2006).

Proposition 5.1. The value of the STCDO at time t < T} is

m—1
aSTePO(, 9) / (chP (t: Tesy) = > P(t, Trv1, 9) (t,TkH,y))dy, (24)
ke k=1
where cp =8, cp, =1+ 85, for2<k<m-—1,¢, =1 and
(t, Tir1,y) = Eqy, . (G(Th, Tieyr, ) (Ge) (25)

with G(-, Ty+1, ) specified in (6). The STCDO spread S; at time t, i. e. the spread which makes
the value of the STCDO at time t equal to zero, is given by

Zzn:—ll ;312 P(tv Tk+la y) (’U(t, Tk+la y) - 1) dy
Sha [o? P(t, Th, y)dy

Proof: The premium S f(L7,) is paid at times 717, ...,T},—1 and thus, the value of the premium
leg at time t equals

S; =

(26)

2

m—1
P(t,Ti)Eq,, (Sf(Lp)|G:) = > SP(t,Tx) /E@Tk(l{LTk<y}’gt)dy
k=1

xr1

m—1

k=1

m—1 T2

= SZ/PtTk, )dy,

=1,

where we have used

P(ta Tt1, x) = P(tv Tk+1)EQTk+1 (1{LTk+1 Sw}’gt) (27)
for the last equality.

On the other side, the default payments are given by f (L, )—f(L,,,) at tenor dates Ty 1,k =
1,...,m — 1. For each k the value at time t of this payment is

P(tv Tk+1)E@Tk+l (f(LTk) - f(LTk+1) ’gt) (28)

T2

= P(t, Ti11)Eqr, < / (1{%9} - 1{LTk+ISy}) dy | gt>

1

= / P(t, Te1)Eqy, | (1{LTkSy} Ly, <u | gt) d

1
x2

= / (P(t, Tk+1>EQTk+1 (1{LTk <y} ‘ gt) - P(tv Tht1, y)) dy.

1

It remains to calculate the conditional expectation EQTk+1 <1{ Ly, <y} ‘ Qt>. We have
Eor, ,, (L{Lr, <u}lGt)
= Eor, (1{LT,c§y}G(Tk7 Trs1,y)G(Th, T, y) ™" ‘9t>
= Boy,,, <F(Tk, Ty 1,9)G (Th; Ty, y)*l‘gt)

= F(tv Tk-‘rlv y)EQTk_H,y <G(T/€a Tk+17 y)_l ‘gt) 5
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where the last equality follows by changing the measure to Qg , .. Denoting

U(ta Tk+17 y) = EQTkJrl,z (G(Tk7 Tk+1> y)_l gt) ; (29)
the value of the default leg at time ¢ is given by
m
> [ (P Tir, )0t Tior, ) — P, T, ) do. (30)
=

Finally, the value of the STCDO is the difference of the time-t values of the payment leg and of
the default leg. Thus, we obtain (24). Solving 757¢PO(t, S) = 0 in S yields the spread Sf. O

In Section 4 the constant risk-free term structure assumption is imposed, i.e. it is assumed
P(t,Ty) = 1, for every Ty and t < Tj. In this case the previous result takes the following form.

Corollary 5.2. Under the constant risk-free term structure assumption, the value at timet < Ty

of the STCDO is given by
7STCDO (¢ g) / <Z SF(t,Tx,y) + F(t,Tm,y) — F(t,Tl,y)> dy. (31)

The STCDO spread S at time t is equal to
fa;zf (F(t7 Tla y) - F(ta Tma y))dy

Sy = —
wo [ F(t, Te, y)dy

Proof: The result follows by inspection of the previous proof whilst noting that

EQTk_H (1{LTk§y}‘gt) = E@* (1{LTk§y}|gt) = P(t7 Tk7 y) = F(tv Tk7 y)7
since P(t,T)) = 1 and all forward measures coincide. Hence,
F(ta Ty, y)
F(tv Tk+l7 y)

and the corollary is proved. Il

U(t7 Tk+1a y) =

We conclude this section by studying an option on the STCDO defined above. This option
gives the right to enter into such a contract at time 77 at a pre-specified spread S. This is
equivalent to an European call on the STCDO with payoff

(ﬂ_STCDO (Tl ’ S)) +
at Tl.

The assumption of the constant risk-free term structure is still in force. We further assume
G(0,Tk,y), a(t,Tk,y), b(t,Tx,y) and c(t,Ty,y;z) are constant in y between z; and x2. For
simplicity we denote a(t, Tk, y) = a(t, Tk, 1) by a(t,T}) and similarly for the other quantities.
Proposition 5.3. The value of the option 7 (t,S) at time t < Ty is

Ty

ﬂ_call(t, S) = EQ* f(LTl) <d~1 + Z d~k exp </a(t’ Tk)dt
0

k=2

Ty +
/ tdeXt-f-// (t,Tk; 2) dtdz))) ‘Qt ;
0



MARKET MODELS 13

where dy = (S —1)G(0,Ty), d = SG(0,Ty), for2 <k <m—1, and dy = G(0,Ty,). If in
addition X, a(t,T}) and b(t,T}) are conditionally independent of L given G, then
Ty

7l (t, 8) = Eg+ (f(L1,)) Eg- (d} + ) dgexp (/a(t,Tk)dt

O +
/ tdeXt+// (t, Th; 2) dtdz)>) ‘gt ,
0

Eg« (f(L1,)|G) = 22Q" (L7, < 22|Gy) — 21Q" (L1, < 21|Gy)

_ EQ* (LTl 1{$1<LT1 Sm2}|gt) .

where

Proof: The value of the option at time ¢ < 7T} is given by the conditional expectation

weill(1,.§) = Ege ((x7CPO(Ty, 5))* | Gr)

T2 rm—1 +
:EQ* (/ (Z SF(T17Tk7y) +F(T17Tm7y) _F(TlaTlay)) dy) ’gt )

2 \k=1

where we have used Corollary 5.2. Now the result follows by inserting (5) and (6).

The second result is obvious by conditional independence and definition of f. ([l

6. CALIBRATION

This section is devoted to the detailed description of the calibration of a two-factor affine diffu-
sion model. The method which turned out to provide the best results utilizes the EM-algorithm
together with an unscented Kalman filter. In contrast to typical calibration approaches, see
Cont, Deguest, and Kan (2010) where the models are fit to one or two single days, we calibrate
the model to the full observation period which encompasses four years of observed data from
the iTraxx Europe. The model is able to provide a very good fit throughout all tranches and
maturities. In the calibration methodology we follow the scheme suggested in Eksi and Filipovié¢
(2012). As discussed previously, the considered affine market model entails a direct contagion
effects which improves the calibration results.

The data consists of implied zero-coupon spreads of the iTraxx Europe from 30 August 2006
to 3 August 2010. In contrast to Eberlein, Grbac, and Schmidt (2012) we incorporate also data
from 2006 and 2007, which is characterized by steady spread movements at an extremely low
level. It will turn out, that the fit to this time period is not as good as the fit to the more volatile
period starting in the year 2008. This suggests a structural break starting from the credit crisis,
which is very reasonable.

The implied zero-coupon spreads are observed at detachment points {z1, ...,z s} which equal
{0,0.03,0.06,0.09,0.12,0.22, 1}. They are obtained by computing the spread of quoted STCDO
premiums over the risk-free interest yield over the same period, in our notation given by

Tj+1

1 1
R(t,T,7) := ——log ( F(t,t + T, ac)dac) (32)
T Tj+1 = Ty
zj
Here 7 := T —t denotes time to maturity and the observed values are {3,5,7,10}. It is important
to remark that there was no default in the underlying pool in the observation period. The realized

index spreads are shown in Figure 1. With the beginning of the credit crisis volatility as well as
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iTraxx Europe Zero-Coupon Spread
3 T

—— 3-year
2.5 Jyear :
— T-year
—— 10-year
2 |
1.5 *
1 |
0.5 *
| | | |
01.08.2006 01.08.2007 01.08.2008 01.08.2009 03.08.2010

FIGURE 1. The iTraxx Europe zero-coupon index spread for the period August
2006 to August 2010. The different graphs refer to the time to maturity of 3,5,7
and 10 years.

levels of credit spreads raised to levels never seen before. After a period of stabilization, from
early 2010 on the spread levels started again to rise to higher levels when the European debt
crises evolved. This heterogeneous dataset makes the calibration very difficult.

Figure 2 shows STCDOs spread premiums over different maturities and tranches. It is re-
markable that curves for different maturities look quite similar, which makes it plausible to
capture the observed dynamics with a low number of factors. The principal component analysis
performed in Eksi and Filipovié¢ (2012) reveals that two factors already explain 88.30% of the
realized variance and we therefore consider a two-factor affine model.

More precisely, we consider the following two-dimensional affine diffusion Z with values in the
state space Z := R" x RT. We assume that Z solves the SDEs

dZ} = k1 (Z} — Z1)dt + 011/ Z}LdW} (33)
dZ} = ko(Oy — Z2)dt + o9r/ Z2AWE, (34)
with Zy = (21,20)" € Z. Here ki, Ka,02,01,09 are positive constants and W' and W? are

two independent standard Brownian motions under the objective probability measure P. In this
formulation, Z?2 is a Feller square-root process and Z'! is a non-negative process with stochastic
mean reversion level Z2.

Pricing is done under a risk-neutral measure Q* and we chose a class of equivalent measure
which keep the affine structure of Z. This is done by considering the market prices of risk A!
and A2, given by

t o ’

with some constants A1, Ao € R. Applying Girsanov’s theorem, we change to the equivalent
probability measure Q* where W} = W} + fo Aids, i = 1,2 are independent standard Q*-
Brownian motions. Then, under Q*, Z is again affine and satisfies the following SDEs; see
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iTraxx Europe 9%-12% - Tranche Spread

7 T
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6 5-year B
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iTraxx Europe 5-Year Zero-Coupon Spread
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FIGURE 2. The upper graph shows the iTraxx Europe 9%-12% tranche spread
from August 2006 to August 2010 for different maturities. The lower graph illus-
trates the iTraxx Europe tranche spreads from August 2006 to August 2010 for
a fixed maturity of five years.

Cheridito, Filipovié¢, and Kimmel (2010):

1_ K1
i) —<m+m( 7 )dt+au/ LW, (35)

dzgz(wﬂz)( v Zt>dt+02\f dwe. (36)

This is the starting point to apply the results from Section 4. Additionally to the factor process,
we need to specify the compensator of the loss process. We chose the following affine specification

m(t,l, z,dy) = mo(t,l,dy) + mi(t, 1, dy)z1,

where the jump distributions m;(t,[,-) are chosen from the Beta family. This in turn gives

m(t, 1, 2, dy) = )y‘“‘l(l y)" " ldy +

1
o az2—1 1— b2_1d
Blarh 7Y (1-y) Y,

L S
B(ag, bQ

where all coefficients are positive. Finally, the contagion term is assumed to be linear in the loss
level, i.e.

C(t7 Tk) Z, Lt—; y) = Cy(Tk - t) (37)
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One reason for this choice is that due to a lack of defaults in the observation period, a precise
estimation of a nonlinear relation does not seem reasonable. Finally, we consider F' as in (5).
Together with (18) and (19) this yields an arbitrage-free model.

6.1. Calibration procedure. For the calibration of the model we follow the ideas in Eksi and
Filipovi¢ (2012) and utilize the EM-algorithm together with Kalman filter techniques for the
estimation of the (unobserved) factor process Z from the observed STCDO prices.
For the calibration procedure itself we make the following two assumptions: first, we assume
that tranche spreads are piecewise constant in between the detachment points, i.e.
G(t,Tk,x) = G(t,Tk,J}Z‘_;,_l), for x € [xi,$i+1). (38)
As previously, F(t,Tj,r) = 141,<43G(t, Tk, ). Second, we assume that observed prices are
model prices plus an additive measurement error. More precisely, we consider observation times
0 = tg,t1,t2,... and assume that
Tj+1
R(tg,7,7) = ! log (1 / G(tg, ty, + 7, ) dx) +e(k, 7,5+ 1)
T Tj+1 = Tj
zj
The error terms e(k,7,j) are assumed to be independent and normally distributed random
variables with zero mean and tranche dependent variance 0J2-. Moreover, they are independent
of Z and L.
Considering equation (18), our two-factor affine specification (35) and (36) yields that vy = 0
as well as g = (0, kb)) . Letting 7 = T}, — t we obtain that

T T
A(r,x) = RQQQ/B(S,I)ldS + /C’o(s,x; l)ds — .
0 0
Integrating this terms w.r.t. z gives, using (38), that
Tj+1 Tj+1
QAT g — gr2b2 [T Blsaspnds—r [ o f7 Colsail)ds
Py z;

We obtain the following representation for the observed spreads:

T

. 1 1 1
R(tk,T,j) = ; log(xj+1 — xj) — THQQQ/B(S,$j+1)1dS +1-— ;B(T, .1‘j+1)TZt
0

Tjt1

1 T .

T
Tj

1 .
= K(Ty wj-’-l) - ;B(Tv xj-‘rl)TZt +E(tk77—7]) (39)

for all tranches j € {1,...,J — 1} and maturities 7 € {3,5,7,10}. As R is a linear function of
Z, it may be represented by

Ry, = (R(tg,m1,1), ..., R(tp, 74, J — 1)) = £(Zs,) + e,
with error vector e; := (e(tg, 71,1), ..., e(tg, 74, J — 1)) 7.
Following the quasi-maximum likelihood procedure, we approximate the transition density
of this equation by a normal density where we match first and second conditional moments.
Taking into account the dependence structure of the process, we approximate the conditional

distribution of Z;, given Z; _, by a normal distribution with mean ¢(Z;, ,) and covariance
matrix Qr_1. The computations of ¢ and () are relegated to the appendix, see Proposition A.1.
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Essentially, the affine structure allows to derive the conditional Fourier transform in tractable
form which gives the conditional moments.

The EM-algorithm basically requires two iterative steps, namely filtering (expectation step)
and the maximization of the likelihood (maximization step). The most difficult step in our setup
is the expectation step which we approach with an extended Kalman filter.

The linearity of the functions f(z) =: fo+ f; z and g(z) = go+g; z makes it straightforward to
compute the moments required for the Kalman filter as we show now. Let Ff* := (R, : s < t)
Denote my, := E(Z, |F[) and m, := E(Z,;, |F[ ). Analogously, denote by P} and P} the

tg—1
conditional variance of Z;, given ]:tlz and ]-}1:7 ,» respectively.

In the prediction step, we compute m, and P, which gives
my; = E(Zy, |75 ) = fo+ £ mi
P, = fiPi_1f] + Q1.
The updating step incorporates the new information given by R, . By Cov(X,Y) for two

random vectors X and Y we denote the variance-covariance matrix and Var (X) := Cov(X, X).
We obtain

v, = E(Ry|FY ) = g(my) = go + 9] my;
Fi = Var (Ri|Fji_,) = 1Pgf +3
Sk, = Cov(Zy,, Ri| F¥_ ) = P g1
here ¥ denotes the diagonal matrix with entries O'%, . ,03_1. Furthermore, we set
Ky, == S;F;*
my :=m, + Ky (R —r,)
P, =P, - K;F,K,.
Here, K}, is the so-called Kalman gain and Ry, —r,  the innovation. For further details on Kalman

filtering we refer to the book of Grewal and Andrews (1993).

To initialize the filter we use the unconditional moment and the unconditional covariance
matrix given in Corollary A.2. Starting from £ = (K1, K2,02,01,02, A1, A2, ¢, a1,b1,a2,b2), an
initial parameter vector, the Kalman filter computes recursively an estimation of the unobserved
factor process with approximate likelihood function given by

n 1w I, Tl
L(Ry, ..., Rn;§) = = log 27 — 5Zlog Fil =5 > (rp — Rp)"F M (r) — Ry).
k=1 k=1
The EM-algorithm proceeds iteratively between filtering and maximization until a prescribed
precision is obtained.

6.2. Calibration results. Using the calibration methodology described above we fit the model
to the full dataset from August 2006 to August 2010. Table 1 gives the parameter values obtained
by the calibration.

02 K1 K2 )\1 )\2 O'f 0‘; (& aq b1 az b2

1.8178 2.0639 6.6046 -0.6444 -6.7376 0.7734 0.2685 -0.0690 0.7318 6.1632 0.2938 23.1966

TABLE 1. Estimated parameter values.

The contagion parameter ¢ is negative, implying that (upward) jumps in the loss process
lead to downward jumps in the forward price, i.e. a loss in (7, z)-bond prices, which is very
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intuitive. Note that in Eksi and Filipovi¢ (2012) a two-factor affine model together with a
catastrophic component was used to obtain a good fit even to super-senior spreads. The tow-
factor affine market model considered here, however, is able to obtain a fairly good fit without
this catastrophic component. Figures 3 and 3 illustrate the results of our calibration example.
As can be seen, the proposed model is able to capture the market dynamics across all tranches
and maturities even though there is a structural break in the observed spread data.

Finally, it needs to be remarked, that a good fit of the calibration per se is not yet implying
a good hedging performance. Therefore a detailed analysis of the model for further applications
is required. Hedging in an affine models can be studied along the lines of Filipovi¢ and Schmidt
(2010). This, however, is beyond the scope of this article. Nevertheless, the hedging analysis in
Eksi and Filipovié¢ (2012) suggests that affine factor models which show a good fit over a long
observation period perform very well for hedging purposes.

APPENDIX A. COMPUTATIONS

As shown in Keller-Ressel, Schachermayer, and Teichmann (2011) stochastically continuous,
time-homogeneous affine processes on the canonical state space are always regular. Thus the
process Z given by (33) and (34) possesses an exponentially-affine characteristic function

E(€<u’ZT> |gt) = exp(¢(T —t, U) + w(T -1, U)Zt) vVt <T,

where ¢(t,u), ¥(t,u) are sufficiently differentiable, C respectively C? valued functions. The
moments, as derivatives of the characteristic function evaluated at zero, are of polynomial order.
We write

m(T = t,21,20) = B ((ZD)(23)2128 = 21, 22 = ), huko € oKy + ey =

for the k-th conditional moment. Observe that mg (7, 21, 22) has to be a local martingale thus
an application of It6’s formula yields

my(T, 21, 29) = K1 (22 — 21) = + Ko (0 — 29) = + =07 k 5 k

1 1
ar 921 0= 27V g2 T27

mg (0, 21, 22) = zfl 252.

Proposition A.1. Assume Z is given by (33) and (34). Then the P-conditional first moments
of Z are given by

(—/11 + kre Rt — e TR, 4 HQ) 02
K1 — R2
K e—t(lil—l{g) -1 e—nzt
_al ) 2. (40)
K1 — K2

E(Z}Zy = 21,25 = 20) = — (67" — 1) Oy + & "' 2s. (41)

E(Z}Z5 = 21,25 = z0) = — +e "y
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FIGURE 4. Estimated and observed spreads - part 2
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— 2K1K30905 + 8 K1KSYOT 4 KoPoT0y — 2 /@33/0%) e 2mt
+ 2 f@% (k1 — ko) (k1 + K2) (2 Kok + 20%&1 — 20%@

— /1% + 520%) (z — B2) e "2 4 259 (/11 + a%)

(K1 — K2) (2K1 — K2) (K1 + K2) (—2k1 +yk1 + ako — Koy) e~
+ 02 (251 — k2) (k1 — K2)?
(2/&2/{% + K203 + 2 K2R + K1kooo + /{%0%)) (42)

1 1
ZHZy = 2,28 = 20) = o
Var ( t| 0 = 41,40 z2) 2 (k1 — K2) K2
— 0% (22 — 0y) (k1 — k) e 2R2

2 (=02 + 2) (03K1 — O3k + Kak1) €

+ 65 (0’2 + 2%2) (Iil — Iig)) (43)

—K1t

(2 k2 (—2k1 4 yr1 + b2k2 — Koy) e

— Kot
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1
~ 2n2 (kf — 3)

— /1105 (22 —603) (k1 + K2) e 2rat

Cov(Zy Z{| 2y = =1, Z3 = 22) (2 KO3 (Kpz — Oaky + 2k ) e~ (F1TH2)t

+ 2 (k1 + K2) (ng + KoKkl — 0%52) (z — By) e "2

+ 2k (K1 + K2) (—zK1 + yk1 + B2k — Kay) gt
+ 05 (k1 — K2) (2 Kokl + 05K + 2 H%)) (44)

such that the conditional covariance is given by

0, :< Var (Z} |2}, Z2 ) Cov(ZtlkZEk|Zt1k1,Z§“)>
k Cov(zt z2 1z} 2% ) Nar(Z}|Z} . Z% )

Proof: Denote E(Z}|Z = 21,23 = z) =: h(t,z1,22). The Kolmogorov backward equation
implies that

1 1
Oth = K1(22 — 21)02,h + Ka(02 — 22)0.,h + ialeazlzlh + 50%2282222h

Thus inserting the polynomial property of moments yields

d d d
dtho + dth 21+ dth .22 = Ki1(z2 — 21)hz, + Ka(02 — 22)hs, (45)

for some function hg, h;, and h,, which fulfill the following system of ordinary differential equa-
tions

d
&ho = Kobah,

d
ahzl = —thzl

ah,zz = thzl - H/Qth

with respect to the boundary conditions hg(0) = h,,(0) = 0,h,,(0) = 1. The solution to this
system is given by
(—m + ke et —emRit, 4 Iiz) 0s

R1 — K2

ho(t) = —
hz, (t) =e !

K1 (e—t(lil—lig) o 1) e—/@zt

R1 — K2

hZ2 (t) = =

which yields the first assertion (40). Regarding E(Z2|Z} = 21, Z3 = 22) =: h(t, 21, 21), we get a
system of ordinary differential equations with the modified boundary condition ho(0) = k., (0) =
0,h,(0) =1 in an analogous way. Its solution is given by

ho(t) = — (e_’”t — 1) 0s

2 (t) = 7"

which yields (41).
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Consider E(Z} Z2| Z} = 21, Z2 = z2) =: h(t, 21, 22) we consider terms of second order, i.e.

d d d d
&ho + a hzlzl + 1 hZQZQ + 1 hzlz22122 + &hz%Z% + ahZ%z% =
r1(22 = 21)(hzy + 2h.221 + hey2p22) + K2(02 — 22) (R + hzyzp21 + 2h220) + U%Zlhz% + O‘%Zzhzg
for some functions hg ..., hzg which solves following system of ordinary differential equations
d
—hoy = kabah,,
qz 0 = K2t
d 2
ahzl = —Iﬁ:lhzl + ﬁ292hz1z2 + Ulhz%
d
ah;& = Iﬂhzl — K/QhZQ + (2%292 + Jg)hzg
d
&hzlw = 2’{1hzf - (Hl + ’{2)h2122
d
ahzf = *QthZ%
d
Ehzg = K1lzy 2 — 2/<;th5

with respect to the boundary condition ho(0) = hz, (0) = hz,(0) = h2(0) = h.2(0) = 0, k2,2, (0) =
1. The solution to this system is given by

1 92e—t(2li2 +I€1)

ho(t) = =F—5—5—
O T

— QQHlt 2 ((92/61 + 0'2 + 92/{2) + 2€2H2t 5 (92 + 1) (’{’1 + '%2)

(eﬁltlil (2 Oako + O'%) (Iﬁl + KJQ)

— (2 (/ﬂ + HQ) (2 Ookok1 + Kokl + 0'2/<61 — O’%RQ — 92#&%) e(m+ﬁ2)t

+ (K1 — K2) (O’%ﬁl + 2 Kkok1 + 202K9Kk1 + 2 H% + 2 02,%%) et2 ”2+’“))

hz1 (t) = —rat (9 e 2t 0y — 1)
(2 Ookoky + U%ﬁl) g2kt o2t ) )
h‘Z t)=- - ) 0 K1t
o (K1 — K2) K2 (k1 — K2) K2 (k2 (6261 + 03 + Bama)

— Rike (62 + 1) e HW1=R2) 4 900 koky — Kok — Ugm + 05/4;2 + 92/&%)

haysa () = o2
hZ% (t) =0

which yields
E(Z; Z{| Zg = 21, 25 = 22) = ho(t) + hay ()21 4 hay ()22 + hayay (2122 + 2 (827 + hoz (1)23

Analogously we compute E ((Z})?|Z5 = 21, Z5 = 2z2) =: h(t,21,2) with boundary condition
B0(0) = hay (0) = ey (0) = =y (0) = oy (0) = 0, h.2(0) = 1.
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The solution is given by
1 e—2 (Iﬂ-‘rﬁlg)te%
5 (Iil —+ Hg)
- 4/@%/—@% (k1 + K2) (2K1 — K2) (

e
+ 4/13/61 (k1 — K2) (2K1 — K2) (K1 + K2) el(2r2+K1)
(

ho(t) = (2€2"' K1 ko® (K1 + K2) (2K1 — K2) + 2 K5 ke (K1 + K2) (2651 — ko) €211

K1+k2)t t(2 k1+k2)

— drgk? (k1 — ko) (2K1 — ko) (K1 + ko) e

+ 2K1Ko (K}l + 52) (2 K — ,{2) Ky — 52)262 (R1+m)t)
1e 2 (n1+nz)t92
2 (k1 +h2)

+ K303 (k1 + ko) (2K1 — ko) e

f/-sg (k1 + K2) (—K102 + K101 — K201) (K102 + K101 — K2071) @2 riat

2 k1t (Iil-i-liz)t

—4K3K302 (2K1 — Ko) €

— 2K7 (K1 — K2) (K1 + K2) (2 Kokt + 203K — K3 + Koot — 2 O’%Hg) el(2r1tn2)

+ 2 K3 (k1 + Uf) (k1 — k2) (2 K1 — Ka) (k1 + kg) etZr2Fr1)

+ (251 — K2) (K1 — K2)? (/ilaQ + 2 kok? + Kootk1 + 2 K3k 4 Ka02 ) 2(”1+“2)t)

(—/4;10% + 209k9K1 + /@20%) (e_"“t)2

he, (t) = —
(k1 — K2) K1
(H% +2 /{%02 -2 /@%926_’“‘2'5 — 203k9K1 — Kokl + ma% - /‘iQO’%) e rit
(k1 — K2) K1
e—l{gt 9

hZ2 (t) = 3 (2 Kokl (2 K1 — K}Q) (K]lgz + 05 + 92/&2) e rut

K9 (/il — Iig) (2 K1 — ﬁg)

2 —t(2Kk1—K2)

— kg (4 R2RT02 — K07 + Kiow® — 2K3K109 + 2 Koo1 PRy — /@20%) e
5% (2 Oako + 05) (2K1 — K2) e et
— k2 (2K1 — Rz) (Hl - HQ) (/il +2K1609 + O'%) e*t('ﬂ*m)

(
+ K1 (K1 — K2) (4 Ookoky + 2 KoKy + 2 092K, — 292/@% - /ig + /120% - 20%/-%2))
)

hoa(t) = o2t
K1 (e—(/ﬂ—i—ﬁg)t . e—2m1t)
Pz, (1) = 2 K1 — Ko
(672 K1t __ 2ef(ﬁl+,‘i2)t + 672 Iigt) H%
hzg (t) = )
(K1 — K2)

Finally, observe that for E ((Z?)?|Z5 = 21,25 = z2) =: h(t, 21, 22) with boundary condition
ho(0) = hz; (0) = hz,(0) = hzy2,(0) = h,1(0) = 0,h,2(0) = 1. We obtain the solution

1
1

1 92€_t(2 K2+K1)

ho(t) - 5 (/il — EQ) K9

+ (202k2 + 252 + O‘%) (k1 — ko) e 2r2tr1)

((2 Ozk9 + 05) (k1 — K2) et

+ (—2 agm — 4 09k9K1 — 2 KoKy + 20%/@2 + 492/{%) elritra)t | /{2 22t

h, (t) = e "1t

—kKot
ha,(t) = - (agm + 209k9kK1 + Kok — U%mg — 202m§ — /€1/€2e7t(“17”2)>
Ka(k1 — K2)

N (20252 + 03) e~ 212!

K2
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O

It is an easy exercise to derive the unconditional moments from the above result by taking
the limit ¢ — oo, and we give the result in the next corollary.

Corollary A.2. Assume Z is given by (33) and (34). The unconditional moments of Z up to
order two are given by

E(Z}) = 6
E(Z7) = 0
102 (2k9kT + k{03 + 2 K3K1 + K1k20T + K307)
Var (Z;) = =
2 Kokt (K1 + K2)
105 (03 + 2 k)
Var (22) = = 2222 7272
ar (Z;) 9 ry
1(2kok1 + 02Kk, +2K32) 6
Cov(ZtlZf) = 7( 2f1 T o™ 2) 2
2 (/ﬂ + Hg) K9
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